Abstract. We characterize invariant projectively flat affine connections in terms of affine representations of Lie algebras, and show that a homogeneous space admits an invariant projectively flat affine connection if and only if it has an equivariant centro-affine immersion. We give a correspondence between semi-simple symmetric spaces with invariant projectively flat affine connections and central-simple Jordan algebras.
Introduction
An affine connection is said to be projectively flat if it is locally projectively equivalent to a flat affine connection. In this paper we study invariant projectively flat affine connections.
Applying the theory of projective normal Cartan connections [A] gave a correspondence between the set of invariant projectively flat affine connections on G/K and the set of projective equivalence classes of Lie algebra homomorphisms from the Lie algebra g of G to sl(n + 1, R) where n = dim G/K. Using this correspondence [A] classified irreducible classical Riemannian symmetric spaces with invariant projectively flat affine connections.
The following facts are fundamental for projectively flat affine connections [NS] : 
B. The induced connections of centro-affine hypersurface immersions are projectively flat.
Being motivated the above facts [NP] gave a correspondence between Lie groups admitting bi-invariant projectively flat affine connections and associative algebras with unit, and classified all such spaces.
Invariant projectively flat affine connections
Let G be a simply connected Lie group and K a connected closed subgroup of G. Assume that G acts effectively on G/K. We denote by g and k the Lie algebras of G and K, respectively. We enlarge g as follows
Then our first main result is the following. Theorem 1.1. An n-dimensional simply connected effective homogeneous space G/K admits a G-invariant projectively flat affine connection if and only ifg has an affine representation (f ,q) on an (n + 1)-dimensional real vector spaceṼ , that is,
with the following properties:
(iii)q is surjective and the kernel is k, (iv)f (E) is the identity mapping IṼ ofṼ andq(E) = 0. Proof of Theorem 1.1. Suppose that G/K admits a G-invariant projectively flat affine connection D. For X ∈ g, we denote by X * a vector field on G/K induced by exp(−tX). Set
Then it is known
where L X * denote Lie differentiation by X * , and
where R is the curvature tensor for D [KN, p. 235] . Let V be the tangent space of G/K at o = {K}. We set 
Since D is projectively flat it follows that
Ric. Thus we have
Since the torsion tensor of R vanishes, it follows that
Since γ is G-invariant, we obtain
Using the Codazzi equation for the Ricci tensor,
we have
We enlarge the vector space V so that
For X ∈ g we define an endomorphismf (X) ofṼ bỹ
f (X)e = q(X).
Using (1.1), (1.2) and (1.3), we have
These imply that (f , q) is an affine representation of g onṼ , that is,
for X, Y ∈ g. We extend this affine representation (f , q) of g bỹ
Then (f ,q) is an affine representation ofg onṼ with required properties. Conversely, suppose thatg admits an affine representation (f ,q) onṼ satisfying (iii)(iv). Using an affine coordinate system {x 1 , ..., x n+1 } onṼ we can express an affine mappingṽ −→f (X )ṽ +q(X) by an (n + 2) × (n + 2) matrix representation
is an injective Lie algebra homomorphism fromg into the Lie algebra of all (n + 2) × (n + 2) matrices. We setg a = a(g), g a = a(g) and c a = a(RE). We denote byG a , G a and C a the linear Lie subgroup of GL(n + 2, R) generated byg a , g a and c a , respectively. An elements ∈G a is expressed bỹ
wheref (s) andq(s) are the linear part and the translation part ofs, respectively. LetΩ a and M a be the orbit ofG a and G a through the origin o respectively. Then we haveΩ
where K a = {s ∈ G a |q(s) = 0}, and its Lie algebra is a(k). Sinceq(g) =Ṽ ,Ω a is an open orbit inṼ . ForX ∈g we denote byX * a vector field onΩ a induced by exp a(−tX). SinceΩ a = C a M a is an open set, a curve exp a(−tE)m through m ∈ M a is transversal to M a at m. Hence E * is transversal to M a . LetD be the canonical flat affine connection onṼ . As in affine differential geometry [NS] , we can define the induced affine connection D on M a and the affine fundamental form h byD
for X, Y ∈ g. Then, D and h are invariant by G a , becauseD and E * are invariant byG a . Since
is a centro-affine hypersurface with center −q(E). Hence the induced connection D is projectively flat [NS] . Since G is simply connected, there exists a covering homomorphism
we have a covering mapping
Proof of Corollary 1.2. (i) =⇒ (ii) follows from the above arguments. The induced affine connection of a centro-affine immersion being projectively flat [NS] , we have (ii) =⇒ (i).
The case of Lie groups
Let V be an algebra over R with multiplication uv. We set
If the algebra V satisfies
then V is said to be a left symmetric algebra [V2] . The following theorem was essentially known to Koszul and Vinberg.
Theorem 2.1. There is a natural one-one correspondence between
(i) n-dimensional simply connected Lie groups with left invariant flat affine connections up to affine diffeomorphism; (ii) n-dimensional left symmetric algebras over R up to algebraic isomorphism.
In this section we prove the following.
Theorem 2.2. There is a natural one-one correspondence between (i) n-dimensional simply connected Lie groups with left invariant projectively flat affine connections up to equivariant projective diffeomorphism;
(ii) (n + 1)-dimensional left symmetric algebras over R with unit up to algebraic isomorphism.
Proof. Using the same notation as in section 1 we can find by Theorem 1.1 an affine representation (f ,q) of the Lie algebrag on an (n+1)-dimensional real vector spacẽ V satisfying the conditions (iii)(iv). Sinceq :g −→Ṽ is an isomorphism we define a multiplication law inṼ by
Denoting by L u the left multiplication by u we have
where e =q(E). In fact, sincẽ
and
By (2.2) we have
Thus the algebraṼ is an (n + 1)-dimensional left symmetric algebra with unit e. Conversely suppose thatṼ is an (n + 1)-dimensional left symmetric algebra with unit e. Let V = {v ∈Ṽ | TrL v = 0}. Sinceṽ − {1/(n + 1)TrLṽ}e ∈ V , it follows thatṼ = V ⊕ Re. We set
Then by (2.2), g(V ) and g(Ṽ ) are Lie algebras, and we have
Settingf (Lṽ) = Lṽ andq(Lṽ) =ṽ, we obtain an affine representation (f ,q) of g(Ṽ ) satisfying the conditions (iii)(iv) of Theorem 1.1. Thus the simply connected Lie group with Lie algebra g(V ) admits a left invariant projectively flat affine connection.
Remark. [NP] gave a correspondence between n-dimensional Lie groups with biinvariant projectively flat affine connections and (n + 1)-dimensional associative algebras with unit, and classified all such spaces.
The case of symmetric spaces
In this section we give a correspondence between semi-simple symmetric spaces with invariant projectively flat affine connections and central-simple Jordan algebras with unit.
Let (G, K) be an effective symmetric pair where G is semi-simple and let g = k+m be the canonical decomposition, that is,
Suppose that G/K admits a G-invariant projectively flat affine connection. As in section 1 we enlarge g so thatg = g ⊕ RE, By Theorem 1.1 there exists an affine representation (f ,q) ofg on an (n + 1)-dimensional real vector spaceṼ where n = dim G/K. The restriction ofq tom being an isomorphism, for each u ∈Ṽ there exists a unique element X u ∈m such thatq(X u ) = u. We put
and define a multiplication law inṼ by
Then the algebraṼ is commutative and has unit e =q(E). In fact
Thus we get
Define a symmetric bilinear form τ onṼ by τ (u, v) = TrL u·v .
Lemma 3.2. We have
This implies (i). Using (i) we obtain
Lemma 3.3. τ is non-degenerate.
Proof. We setṼ
For v 0 ∈Ṽ 0 , v ∈Ṽ and W ∈k we havẽ
Hence we know
Thus we obtain
Hence we getf
Since g is semi-simple, the representationf of g onṼ is completely reducible.
Therefore there exists a complementary subspaceṼ 1 ofṼ such that
Sincef (E) = IṼ we havef
Thus we getṼ
Denoting e = e 0 + e 1 where e i ∈Ṽ i we know
Let us recall the definition of Jordan algebra. An algebraṼ over R is said to be a Jordan algebra if, for all u, v ∈Ṽ ,
The following lemma is due to [V1] .
Lemma 3.4. LetṼ be a commutative algebra with a multiplication
ThenṼ is a semi-simple Jordan algebra.
Therefore our algebraṼ is a semi-simple Jordan algebra.
Lemma 3.5. The representationf ofg onṼ is faithful.
Proof. We set ker gf = {X ∈ g |f (X) = 0}.
We denote by df the coboundary operator for the cohomology of the Lie algebra g with coefficients in (Ṽ ,f).
Since g is semi-simple, there exists an elementẽ ∈Ṽ such thatq = dfẽ. Thus we havẽ q(X) =f(X)ẽ for X ∈ g.
This shows that ker gf ⊂k = k. By effectiveness we have ker gf = {0}. Supposẽ f (X) = 0, whereX = X +xE (X ∈ g). Then Trf (X) = Tr(−xf(E)) = −x dimṼ . g being semi-simple we have X ∈ [g, g], and so Trf (X) = 0. Thus x = 0 and X ∈ ker gf = {0}. HenceX = 0.
is a Lie algebra. By Lemma 3.1 an element inf (k) is a derivation ofṼ . Since a derivation of a semi-simple Jordan algebra is inner [BK] , we havẽ
is an isomorphism including decompositions.
The center Z(Ṽ ) of a Jordan algebraṼ is by definition [BK] 
A Jordan algebraṼ with unit e is said to be central-simple ifṼ is simple and Z(Ṽ ) = Re.
Lemma 3.6. Our Jordan algebraṼ is central-simple.
This together with (3.1) shows that L c is contained in the center of g(Ṽ ). By (3.2) the center of g(Ṽ ) is equal tof (the center ofg). Since the center ofg is RE, we know L c ∈f(RE) = RL e . Thus Z(Ṽ ) = Re.Ṽ being semi-simple we have a direct sum decompositioñ
whereṼ i are simple ideals ofṼ . Let us denote e = e 1 + · · · + e k where e i ∈Ṽ i . SupposeṼ 1 = {0}. Then e 1 is the unit ofṼ 1 . Let c 1 = 0 ∈ Z(Ṽ 1 ). We have
Analogously we have
Thus c 1 ∈ Z(Ṽ ) = Re, and c 1 = ae where a = 0. This means thatṼ i = {0} if i = 1. HenceṼ is simple.
Summing up the above results we have Proof. It is known [BK] that g(V ) is a semi-simple Lie algebra and
Let m(Ṽ ) = {Lṽ |ṽ ∈Ṽ } and let k(Ṽ ) be the vector space spanned by [Lũ, Lṽ] for u,ṽ ∈Ṽ . We put
Then g(Ṽ ) is a Lie algebra and g(Ṽ ) = g(V ) + RIṼ ;
cf. [BK] . We define a representationf of g(Ṽ ) onṼ byf (X) =X forX ∈ g(Ṽ ) and a linear mappingq from g(Ṽ ) toṼ byq(W +Lṽ) =ṽ for W ∈ k(Ṽ ), Lṽ ∈ m(Ṽ ). Then (f ,q) is an affine representation of g(Ṽ ) onṼ satisfying the conditions of Theorem 1.1. Therefore the space G(V )/K(V ) admits a G(V )-invariant projectively flat affine connection.
Remark. Let G(Ṽ ) denote the linear Lie group generated by g(Ṽ ). Then G(Ṽ ) is the identity component of the structure group ofṼ , and the orbitΩ = G(Ṽ )e is a ω-domain [BK] , [K] . We havẽ
ThusΩ is a cone obtained from G(V )/K(V ) by positive dilations at the origin 0.
Remark. For the classification of central-simple Jordan algebras see [BK] .
Examples
Using typical examples we explain our correspondence between semi-simple symmetric spaces with invariant projectively flat affine connections and central-simple Jordan algebras. 
